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Vries equationAbstract In this paper, the fractional Riccati method is modified for solving nonlinear variable
coefficients fractional differential equations involving modified Riemann–Liouville derivative. This
approach is successfully applied to the variable coefficient space–time fractional Korteweg de Vries
(vcSTFKdV) equation. Variety of analytical solutions are obtained. The validity of this approach is
discussed. The arbitrariness of the non-integer derivative order a possesses much richer structures.
The amplitude increases when the non-integer derivative order increases such that 0:1 < a 6 1.
While it decreases the non-integer derivative order increases such that 0 < a < 0:1. From the graph-
ical presentation of the obtained solutions it is observed that changing the non-integer derivative
order value a affects the soliton behavior in a fundamental way; therefore, the non-integer deriva-
tive order can modify the wave shape without changing the properties of the medium, the nonlin-
earity and the dispersive effects.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Fractional differential equations (FDEs) are generalizations
of classical differential equations (DEs) of integer order to
non-integer one. Even though this subject was initiated inthe first half of the 19th century it becomes a hot topic of
research nowadays. Recent studies show that the FDEs are
more appropriate models than their counterparts of integer
order when realizing complex nonlinear phenomena [1–37].
The derivatives of non-integer order depend on the local
behavior of the function or accumulate the whole informa-
tion of the function which is known as the memory effect.
As a result of this, abundant scientific fields have been used
FDEs such as physics, biology, chemistry, mathematics,
engineering, communication, diffusion process, porous
media, power-law non-locality and power-law long-term
memory [12–37]. Meanwhile, the development of new studies
to solve FDEs has attracted considerable much attention
and numerous techniques have been put forward. Examples
include Adomian decomposition, variational iteration,ams Eng
Figure 1 Evolutional behavior of u3 given by Eq. (18) with a0 ¼ a1 ¼ k ¼ sðtÞ ¼ 1 (a) u3 versus x and t. (b) u3 versus t at x ¼ 10 where
a ¼ 0:6; 0:7; 0:8; 0:9; 1.
2 E.A-B. Abdel-Salam, G.F. Hassanhomotopy perturbation, differential transform, Lie symmetry
group, finite difference, finite element, Laplace transform,
Fourier transform, exponential function, fractional sub-
equation, ðG0=GÞ-expansion method, first integral method,
operational method, fractional Riccati, improved fractional
Riccati and fractional projective Riccati [10–37]. Based on
these methods, several FDEs have been studied. One of
the important approaches to obtain analytical solutions of
FDE is the fractional sub-equation method. The basic idea
of this method is the assumption that the exact solution of
FDEs can be expressed as a polynomial of a function which
satisfies simple and solvable equation, namely sub-equationFigure 2 Evolutional behavior of u3 versus x and t with a0 ¼ a1
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J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.013or auxiliary equation. Some of the used sub-equations are
the fractional Riccati equation, fractional elliptic equation
and fractional projective Riccati equation. In this work,
we modify the fractional Riccati (FR) method to treat FDEs
with variable coefficients. The vcSTFKdV is solved and
discussed.
This work is organized as follows: mathematical back-
ground and definition of the modified Riemann–Liouville
(mRL) derivative are given in Section 2. The modification of
FR method to treat variable coefficients FDEs is presented
in Section 3. The vcSTFKdV equation is studied in Section 4.
Finally, we conclude the paper.¼ k ¼ sðtÞ ¼ 1 at (a) a ¼ 0:0001, (b) a ¼ 0:001, (c) a ¼ 0:01.
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Figure 3 Evolutional behavior of u3 versus x and t with a0 ¼ a1 ¼ k ¼ 1; sðtÞ ¼ ta at (a) a ¼ 0:6; 0:7; 0:8; 0:9; 1 and (b)
a ¼ 0:0001; 0:0002; 0:0003; 0:0004.
Study on the fractional Korteweg de Vries equation 32. Mathematical preliminaries
We start by remembering the mRL derivative definition by
Jumarie [38–41]. Assume that f : R ! R; x ! fðxÞ denote a
continuous function, and let h denote a constant discretization





; 0 < a < 1;
where DafðxÞ ¼P1k¼0ð1Þk Cðaþ1ÞCðkþ1ÞCðakþ1Þ f½xþ ða kÞh which
is similar to the standard of derivatives (calculus for begin-
ners), and the a-order derivative of a constant is zero. The inte-













ðxnÞa½fðnÞ fð0Þdn; 0< a< 1




Some properties of the mRL derivative are
Daxx
c ¼ Cðcþ 1Þ
Cðcþ 1 aÞ x
ca; c > 0; ð2ÞFigure 4 Evolutional behavior of u3 versus x and t with a
a ¼ 0:0001; 0:0002; 0:0003; 0:0004.
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Dax½fðxÞgðxÞ ¼ gðxÞDaxfðxÞ þ fðxÞDaxgðxÞ; ð4Þ
Daxf½gðxÞ ¼ f0g½gðxÞDaxgðxÞ; ð5Þ
Daxf½gðxÞ ¼ Dagf½gðxÞðg0xÞa; ð6Þ
where c is constant, which is direct results from
DaxfðxÞ ﬃ Cðaþ 1ÞDxfðxÞ.
3. Fractional Riccati method
In this section, we outline the main steps of FR expansion
method for solving variable coefficient nonlinear FDEs. For
a given nonlinear FDE, say, in two variables x and t
Pðu;Dat u;Daxu;D2at u;D2ax u; . . .Þ ¼ 0; ð7Þ
where Dat u and D
a
xu are mRL derivatives of u;P is a polyno-
mial in u and its various fractional partial derivatives.
Step 1. Using the transformation:
uðx; tÞ ¼ uðnÞ; n ¼ kxþ
Z
fðtÞdt; ð8Þ0 ¼ a1 ¼ k ¼ 1; sðtÞ ¼ t2a at (a) a ¼ 0:6; 0:7; 0:8; 0:9; 1 and (b)
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Figure 5 Evolutional behavior of u3 versus x and t with a0 ¼ a1 ¼ k ¼ 1; sðtÞ ¼ ½cosðtÞa at (a) a ¼ 0:6; 0:7; 0:8; 0:9; 1, (b)
a ¼ 0:0001; 0:0002; 0:0003; 0:0004, and (c) a ¼ 1
4 E.A-B. Abdel-Salam, G.F. Hassanwhere k is arbitrary constant and fðtÞ is arbitrary function, the
nonlinear FDE (7) is reduced to the following nonlinear frac-
tional ordinary differential equation (FODE):
~Pðu; faDanu; kaDanu; f2aD2an u; k2aD2an u; . . .Þ ¼ 0; ð9Þ
Step 2. Assume that uðnÞ expressed as a finite series of FðnÞ




iðnÞ; an – 0; ð10ÞFigure 6 Evolutional behavior of u3 versus x and t with a0 ¼
a ¼ 0:0001; 0:0002; 0:0003; 0:0004.
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J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.013where aiði ¼ 0; 1; 2; . . . ; nÞ are constants to be determined later,
n is a positive integer determined from Eq. (7) by using
homogenous balance principle and F ¼ FðnÞ satisfies FR
equation:
DanF ¼ Aþ BF2; 0 < a 6 1; ð11Þ
where A and B are constants. Using the Mittag–Leffler func-
tion Eq. (11) has the following solutions:a1 ¼ k ¼ 1; sðtÞ ¼ ½sinhðtÞa at (a) a ¼ 0:6; 0:7; 0:8; 0:9; 1 and (b)
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Figure 7 Evolutional behavior of u3 versus x and t with a0 ¼ a1 ¼ k ¼ 1; sðtÞ ¼ ½sechðtÞ2a at (a) a ¼ 0:6; 0:7; 0:8; 0:9; 1, (b)
a ¼ 0:0001; 0:0002; 0:0003; 0:0004, and (c) a ¼ 1.
Study on the fractional Korteweg de Vries equation 5Case 1: If A ¼ 1 and B ¼ 1, then F ðnÞ ¼ tanðn; aÞ.
Case 2: If A ¼ 1 and B ¼ 1, then F ðnÞ ¼ cotðn; aÞ.
Case 3: If A ¼ 1 and B ¼ 1, then F ðnÞ ¼ tanhðn; aÞ;
F ðnÞ ¼ cothðn; aÞ.
Case 4: If A ¼ 1
2
and B ¼  1
2
, then
FðnÞ ¼ tanhðn; aÞ
1 sechðn; aÞ ; FðnÞ ¼ cothðn; aÞ  cschðn; aÞ:
Case 5: If A ¼ 1
2
and B ¼ 1
2
, then
FðnÞ ¼ tanðn; aÞ
1 secðn; aÞ ; FðnÞ ¼ cscðn; aÞ  cotðn; aÞ;
FðnÞ ¼ tanðn; aÞ  secðn; aÞ:
Case 6: If A ¼  1
2
and B ¼  1
2
, then
FðnÞ ¼ cotðn; aÞ
1 cscðn; aÞ ; FðnÞ ¼ secðn; aÞ  tanðn; aÞ;
FðnÞ ¼ cotðn; aÞ  cscðn; aÞ:
Case 7: If A ¼ 1 and B ¼ 4, then F ðnÞ ¼ tanhðn;aÞ
1þtanh2ðn;aÞ.
Case 8: If A ¼ 1 and B ¼ 4, then F ðnÞ ¼ tanðn;aÞ
1tan2 ðn;aÞ.
Case 9: If A ¼ 1 and B ¼ 4, then F ðnÞ ¼ cotðn;aÞ
1cot2ðn;aÞ,
where the generalized hyperbolic and trigonometric functions



































Cð1þkaÞ ða > 0Þ is the Mittag–Leffler func-
tion in one parameter.
Step 3. Substituting Eq. (10) with Eq. (11) into Eq. (9), then
the left-hand side of Eq. (9) becomes a polynomial in FðnÞ.
Equating every coefficient of the polynomial to zero gives
mixed system of algebraic and partial equations for
a0; a1; . . . ; an; k and fðtÞ. Solving this system, we obtain explicit
expressions of a0; a1; . . . ; an; k and fðtÞ. Using the solutions of
(11) into (10), we obtain analytical solutions of FDE (7).
4. Space–time fractional Korteweg de Vries equation
The KdV equation is the earliest soliton equation that was
firstly derived by Korteweg and de Vries to model thele coeﬃcient space–time fractional Korteweg de Vries equation, Ain Shams Eng
Figure 8 Evolutional behavior of u3 versus x and t with a0 ¼ a1 ¼ k ¼ 1; sðtÞ ¼ ½sinðtÞ cosðtÞa at (a) a ¼ 0:6, (b) a ¼ 0:8, (c) a ¼ 0:9, and
(d) a ¼ 1.
6 E.A-B. Abdel-Salam, G.F. Hassanevolution of shallow water wave in 1895. The KdV-type equa-
tions have different applications in shallow-water waves, phy-
sics, mathematics, fluid dynamics, biology, optics, quantum
field theory, plasma, density waves in traffic flow of two kinds
of vehicles, short waves in nonlinear dispersive models, and
surface acoustic soliton in a system supporting long waves
[42–47]. The KdV-type equations can be helpful to deal with
tsunami wave propagation at different situations. Which one
will suit which situation requires detailed analysis depending
upon the experimental observations [43]. Many theoretical
issues concerning the KdV-type equation have received consid-
erable much attention. In particular, numerical and analytical
solutions to the KdV-type equation have been studied exten-
sively [44–47]. The vcSTFKdV equation is
Dat u lðtÞuDaxuþ sðtÞD3ax u ¼ 0; ð12Þ
where lðtÞ; sðtÞ are functions of t and a the fractional deriva-
tive order ð0 < a 6 1Þ. In order to solve Eq. (12) by the FR
method, we use the transformation uðx; tÞ ¼ uðnÞ; n ¼ kx þR t
fðsÞds, where k is an arbitrary constant and fðtÞ is an
arbitrary function of t. Then, Eq. (11) is reduced to the
following nonlinear FODE:
faDanu kaluDanuþ k3asD3an u ¼ 0: ð13ÞPlease cite this article in press as: Abdel-Salam E-AB, Hassan GF, Study on the varia
J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.013By balancing D3an u with uD
a
nu gives n ¼ 2. Therefore, the solu-
tion of Eq. (12) can be expressed as
u ¼ a0 þ a1Fþ a2F2: ð14Þ
Substituting (14) into (13) using (11) and setting the coeffi-
cients of Fiði ¼ 0; 1; 2; 3; 4; 5Þ to zero, we get
fðtÞ¼ a0lðtÞka8sðtÞk3aAB
 1






where a0; a2; k are arbitrary parameters and sðtÞ is an arbitrary
function. The general solution of the vcSTFKdV Eq. (12) is











By selecting the special value of the A;B and the corresponding
function FðnÞ, we get the following solutions of (12):
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Figure 9 Evolutional behavior of u3 versus x and t with a0 ¼ a1 ¼ k ¼ 1; sðtÞ ¼ ½sinðtÞ cosðtÞa at (a) a ¼ 0:0001, (b) a ¼ 0:0005, (c)
a ¼ 0:001, and (d) a ¼ 0:01.

































u5 ¼ a0 þ a2
tanhðkxþ R t a0lðsÞka þ 2sðsÞk3a 1ads; aÞ
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tanðkxþ R t a0lðsÞka  2sðsÞk3a 1ads; aÞ














































tanh kxþR t a0lðsÞkaþ32sðsÞk3a 1ads;a 	
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Figure 10 Evolutional behavior of u3 versus x and t with a0 ¼ a1 ¼ k ¼ 1; sðtÞ ¼ ½secðtÞ2a at (a) a ¼ 0:6, (b) a ¼ 0:8, (c) a ¼ 0:9, and (d)
a ¼ 1.
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tan kxþR t a0lðsÞka32sðsÞk3a 1ads;a 	











cot kxþR t a0lðsÞka32sðsÞk3a 1ads;a 	











The obtained solutions of the vcSTFKdV equation incorpo-
rate two types of analytical solutions namely generalized
hyperbolic and trigonometric function solutions. The above
solutions represented solitary waves by setting particular val-
ues to its arbitrary parameters a0; a2; k and arbitrary function





wave solutions could be useful in analyzing the propagation
of long waves in shallow water, waves in plasma, vibrations
in a nonlinear string, acoustic waves, and tsunami phenomena.
To understand the significance of these solutions, the main
soliton features of u3 given by Eq. (18) are investigated by
computer simulations. Using mathematical software ‘‘Maple”
two and three-dimensional plots of u3 by taking suitable values
of constants a0; a2; k and different chooses of the function sðtÞ
have been shown in Figs. 1–11.Please cite this article in press as: Abdel-Salam E-AB, Hassan GF, Study on the varia
J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.013Fig. 1 represents the evolution behavior of u3 when
a0 ¼ k ¼ 1; a2 ¼ 3; sðtÞ ¼ 1 and this gives lðtÞ ¼ 4 and velocity
v ¼ ð12Þa1 . Fig. 1(a) is the 3-dimensional of u3 versus x and t
and composes five layers; every layer represents the solution
(18) at different value of a (the blue layer at 0.6, gray when
0.7, orange when 0.8, green when 0.9, gold when 1). Fig. 1
(b) is the 2-dimensional of u3 versus t at x ¼ 10 with same
color selection of Fig. 1(a). From Fig. 1, the amplitude
increases when the fractional order increases at 0:1 < a 6 1.
Fig. 2 represents the 3-dimensional of u3 versus x and t when
0 < a < 0:1, Fig. 2(a) when a ¼ 0:0001, Fig. 2(b) when
a ¼ 0:001, Fig. 2(c) when a ¼ 0:01. From Fig. 2, the amplitude
decreases when the fractional order increases at 0 < a < 0:1.
Fig. 3 represents the evolution behavior of u3 when
a0 ¼ k ¼ 1; a2 ¼ 3; sðtÞ ¼ ta and this gives lðtÞ ¼ 4ta and
velocity v ¼ ð12Þa1 t. Fig. 3(a) is the 3-dimensional of u3 versus
x and t and composes of five layers, with same color selection
of Fig. 1(a). From Fig. 3(a), the amplitude increases when the
fractional order increases at 0:1 < a 6 1. Fig. 3(b) is the 3-
dimensional of u3 versus x and t and composes of four layers;
every layer represents the solution (18) at different value of a
(the red layer at 0.0001, yellow when 0.0002, black when
0.0003, cyan when 0.0004). From Fig. 3(b), the amplitude
decreases when the fractional order increases at 0 < a < 0:1.
Fig. 4 represents the evolution behavior of u3 when
a0 ¼ k ¼ 1; a2 ¼ 3, and sðtÞ ¼ t2a and this gives lðtÞ ¼ 4t2a
and velocity v ¼ ð12Þa1 t2. Fig. 4(a) is the 3-dimensional of u3
versus x and t and composes of five layers, with same color
selection of Fig. 1(a). From Fig. 3(a), the amplitude increasesble coeﬃcient space–time fractional Korteweg de Vries equation, Ain Shams Eng
Figure 11 Evolutional behavior of u3 versus x and t with a0 ¼ a1 ¼ k ¼ 1; sðtÞ ¼ ½secðtÞ2a at (a) a ¼ 0:0001, (b) a ¼ 0:0005, (c)
a ¼ 0:001, and (d) a ¼ 0:01.
Study on the fractional Korteweg de Vries equation 9when the fractional order increases at 0:1 < a 6 1. Fig. 4(b) is
the 3-dimensional of u3 versus x and t and composes of four
layers, with same color selection of Fig. 3(b). From Fig. 4
(b), the amplitude decreases when the fractional order
increases at 0 < a < 0:1.
Fig. 5 represents the evolution behavior of u3 when
a0 ¼ k ¼ 1; a2 ¼ 3, and sðtÞ ¼ ½cosðtÞa and this gives
lðtÞ ¼ 4½cosðtÞa and velocity v ¼ ð12Þa1 cosðtÞ. Fig. 5(a) is
the 3-dimensional of u3 versus x and t and consists of five lay-
ers, with the same color selection of Fig. 3(a). In addition, the
evolution behavior of u3 when a ¼ 1 is presented in Fig. 5(c).
From Fig. 5(a), the soliton amplitude increases when the frac-
tional order increases at 0:1 < a 6 1. Fig. 5(b) is the 3-
dimensional of u3 versus x and t and consists of four layers,
with the same color selection of Fig. 3(b). From Fig. 5(b),
the soliton amplitude decreases when the fractional order
increases at 0 < a < 0:1.
Fig. 6 represents the evolution behavior of u3 when
a0 ¼ k ¼ 1; a2 ¼ 3, and sðtÞ ¼ ½sinhðtÞa and this gives
lðtÞ ¼ 4½sinhðtÞa and velocity v ¼ ð12Þa1 sinhðtÞ. Fig. 6(a) is
the 3-dimensional of u3 versus x and t and composes five lay-
ers, with same color selection of Fig. 1(a). From Fig. 6(a), the
amplitude increases when the fractional order increases at
0:1 < a 6 1. Fig. 6(b) is the 3-dimensional of u3 versus x and
t, composes four layers, with same color selection of Fig. 3
(b). From Fig. 6(b), the amplitude decreases when the frac-
tional order increases at 0 < a < 0:1.Please cite this article in press as: Abdel-Salam E-AB, Hassan GF, Study on the variab
J (2016), http://dx.doi.org/10.1016/j.asej.2016.01.013Fig. 7 represents the evolution behavior of u3 when
a0 ¼ k ¼ 1; a2 ¼ 3, and sðtÞ ¼ ½sec hðtÞ2a and this gives
lðtÞ ¼ 4½sec hðtÞ2a and the wave velocity v ¼ ð12Þa1 ½sec hðtÞ2.
Fig. 7(a) is the 3-dimensional of u3 versus x and t and consists
of five layers, with the same color selection of Fig. 1(a). The
evolution behavior of u3 when a ¼ 1 is presented in Fig. 7(c).
From Fig. 7(a), the amplitude increases when the fractional
order increases at 0:1 < a 6 1. Fig. 7(b) is the 3-dimensional
of u3 versus x and t, and consists of four layers, with same
color selection of Fig. 3(b). From Fig. 7(b), the amplitude
decreases when the fractional order increases at 0 < a < 0:1.
Fig. 8 represents the evolution behavior of u3 when
a0 ¼ k ¼ 1; a2 ¼ 3, and sðtÞ ¼ ½sinðtÞ cosðtÞa and this gives
lðtÞ ¼ 4½sinðtÞ cosðtÞa and velocity v ¼ ð12Þa1 sinðtÞ cosðtÞ.
Fig. 8(a)–(d) is the 3-dimensional of u3 versus x and twhen
a ¼ 0:6; 0:8; 0:9; 1. From Fig. 8 the amplitude increases when
the fractional order increases at 0:1 < a 6 1. Fig. 9(a)–(d) is
the 3-dimensional of u3 versus x and when
a ¼ 0:0001; 0:0005; 0:001; 0:01. From Fig. 9, the amplitude
decreases when the fractional order increases at 0 < a < 0:1.
Fig. 10 represents the evolution behavior of u3 when
a0 ¼ k ¼ 1; a2 ¼ 3, and sðtÞ ¼ ½secðtÞ2a and this gives
lðtÞ ¼ 4½secðtÞ2a and velocity v ¼ ð12Þa1 ½secðtÞ2. Fig. 10(a)–
(d) is the 3-dimensional of u3 versus x and twhen
a ¼ 0:6; 0:8; 0:9; 1. From Fig. 10 the amplitude increases when
the fractional order increases at 0:1 < a 6 1. Fig. 11(a)–(d) isle coeﬃcient space–time fractional Korteweg de Vries equation, Ain Shams Eng
10 E.A-B. Abdel-Salam, G.F. Hassanthe 3-dimensional of u3 versus x and when
a ¼ 0:0001; 0:0005; 0:001; 0:01. From Fig. 11, the amplitude
decreases when the fractional order increases at 0 < a < 0:1.
When a ¼ 1, Eq. (12) degenerated to the well know vcKdV
equation
ut  lðtÞuux þ sðtÞuxxx ¼ 0; ð28Þ
where lðtÞ and sðtÞ are functions of t. Solutions (16)–(27) have
the following form:












































u05 ¼ a0 þ a2
tanhðkxþ R t a0lðsÞkþ 2sðsÞk3 dsÞ
























u07 ¼ a0 þ a2
tan kxþ R t a0lðsÞk 2sðsÞk3 ds
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tanh kxþ R t a0lðsÞkþ 32sðsÞk3 ds
 








u011 ¼ a0 þ a2
tan kxþ R t a0lðsÞk 32sðsÞk3 ds
 








u012 ¼ a0 þ a2
cot kxþ R t a0lðsÞk 32sðsÞk3 ds
 








where a0; a2; k are arbitrary constants and sðtÞ is arbitrary
function.
5. Conclusion
The modification of FR method is proposed and the new gen-
eralized hyperbolic and trigonometric function analytical solu-
tions of vcSTFKdV equation are constructed. The significance
of the method and the soliton propagation are studied and
simulated by computer. From Figs. 1–11, we get two different
behaviors for the wave amplitude: when 0:1 < a 6 1 the ampli-
tude is direct proportional to the non-integer differential order
but the amplitude is inversely proportional to the non-integer
differential order when 0 < a < 0:1. The change of the non-
integer order derivative value a affects the soliton behavior
in a fundamental way. Therefore, the non-integer order deriva-
tive could be used to modulate the shape of the waves. That is,
we can say that the non-integer order derivative can modify the
shape of the wave without changing the nonlinearity and the
dispersive effects in the medium. The applications of the
obtained solutions arise in many physical phenomena such
as plasma waves, shallow-water waves, and fluid dynamics.
In the context of information sciences, the soliton solutions
act as information carrier bits through optical fibers across
transcontinental and transoceanic distances. The method
employed here can be applied to other mathematical physical
models.
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